Abstract-In this letter, we study the optimum performance of constant envelope orthogonal frequency division multiplexing (CE-OFDM) signals in both ideal additive white Gaussian noise channels and frequency-selective channels, and we compare it to the performance of conventional CE-OFDM receivers based on a phase detector. It is shown that the phase detector can achieve optimum performance, but only in scenarios where the power efficiency is very low. For this reason, the use of CE-OFDM schemes in power-constrained scenarios may demand other type of receivers, such as optimum-based receivers.
I. INTRODUCTION
O RTHOGONAL frequency division multiplexing (OFDM) schemes are widely employed in wireline and wireless communication systems. This is justified by their high robustness against multipath propagation, high spectral efficiency, flexibility and ease of implementation. However, in spite of the large number of techniques that have been proposed for reducing the envelope fluctuations of OFDM signals [1] , the amplification problems of OFDM are still a severe drawback, and the use of highly efficient, strongly nonlinear power amplifiers remains difficult since they require signals with a quasi-constant envelope [2] . Recently, constant envelope OFDM (CE-OFDM) schemes were proposed to solve these amplification problems [3] , [4] . The main idea behind CE-OFDM is to submit a conventional OFDM signal to a phase modulation process, which leads to a constant-envelope signal, suitable for strongly nonlinear power amplifiers, while most of the advantages inherent to OFDM are preserved. Clearly, the phase modulation is a nonlinear operation that introduces distortion effects in the transmitted signals leading to out-of-band radiation and a DC component that can substantially degrade the performance [5] .
Conventionally, the detection of CE-OFDM signals involves a phase detector [3] . However, receivers based on a phase demodulation process are only suitable when the phase does not have excursions over ±π, which can not always be guaranteed, especially, when larger modulation indexes are considered. On the other hand, it was recently shown that the nonlinear distortion effects can be used to improve the performance of OFDM schemes, provided that an optimum detection is considered [6] , [7] . The optimum detection of CE-OFDM schemes in ideal additive white Gaussian noise (AWGN) channels was analyzed in [5] and it was shown that CE-OFDM can even outperform the conventional, linear OFDM.
In this letter, we study the optimum performance of CE-OFDM in both ideal AWGN and frequency-selective channels. Moreover, we compare the optimum detection performance with the performance of conventional CE-OFDM receivers that involve a phase detector. It is shown that the phase detector can achieve the optimum performance in ideal AWGN, but only for small modulation indexes, where the power efficiency is very low. For this reason, the optimumbased detection of CE-OFDM signals seems to be desirable, especially for scenarios with severe power constraints.
II. CE-OFDM CHARACTERIZATION
Each CE-OFDM symbol is composed by N complex data symbols that form the block S = [S 0 S 1 ... S N−1 ] T . To guarantee that the phase modulator's input is real-valued, the data symbols are constrained to have Hermitian symmetry, which means that S k = 0 for k ∈ 0, N/2 and S N−k = S * k , otherwise. The data symbols are selected from a quadrature phase shift keying (QPSK) constellation and are of the form S k = ±A ± j A. To obtain an oversampled version of the CE-OFDM signal, the data block is augmented with N(M −1) idle subcarriers, i.e., with S k = 0, where M denotes the oversampling factor. In these conditions, the inverse discrete Fourier transform (IDFT) yields the block of time-domain
The nth sample of this block has a Gaussian distribution with zero mean and variance 2 . These time-domain samples are submitted to a phase modulator, whose the output for the nth time-domain sample is [5] 
where f (·) is the phase modulation function and h represents the modulation index. For ideal AWGN channels, the received signal is
where ν n represents the nth AWGN sample and E[|ν n | 2 ] = N 0 is the one-sided noise power spectral density (PSD). Conventionally, the detection procedure of CE-OFDM involves a phase detector followed by a discrete Fourier transform (DFT) [3] . By considering the power series approximation for the complex exponential in (2), as well as low modulation indexes, we have
After some lengthy but straightforward manipulations, it can be shown that the asymptotic bit-error-rate (BER) associated to the phase demodulation process is approximately given by (see [3, eq. (4.35) ], for QPSK constellations)
where E b denotes the average bit energy and Q(·) denotes the tail probability of a standard Gaussian random variable.
On the other hand, the phase modulation process can be seen as a nonlinear transformation of a conventional OFDM signal. From the central limit theorem, the time-domain samples of OFDM signals present a Gaussian like-nature. Therefore, the Bussgang's theorem [8] can be employed and the CE-OFDM signal represented in (1) can be decomposed in two uncorrelated terms, i.e., y n = αs n + d n , where the scale factor
and d n is the nonlinear distortion term associated to the nth time-domain sample. Regarding the frequencydomain samples, we have Y k = αS k + D k , where D k is the nonlinear distortion term associated to the kth subcarrier. In these conditions, the received signal for the kth subcarrier is 
III. OPTIMUM DETECTION
Multicarrier signals are often impaired by nonlinear distortion effects that can come either from a nonlinear amplification process or from nonlinear pre-processing techniques for peakto-average power ratio (PAPR) reduction. Although the amplification process of CE-OFDM signals can be distortionless, these signals are previously submitted to a phase modulator that introduces nonlinear distortion effects. The unwanted effects of this distortion are twofold: (i) in-band distortion that leads to BER degradations, and (ii) out-of-band radiation that increases the adjacent channel interference (ACI). While the latter can be mitigated through filtering operations, the former is conventionally seen as an additive noise term, which is a consequence of the Bussgang's theorem [8] . The Bussgang noise cancellation (BNC) receivers [9] try to estimate and cancel the in-band nonlinear distortion, but their performance can be even worse than the traditional receivers due to error propagation effects.
A. Ideal AWGN Channels
As is widely known, the asymptotic optimum performance of a given modulation is conditioned by the pairwise error probability (PEP) between its symbols, that is related to their squared Euclidean distance. In ideal AWGN channels the squared Euclidean distance between two OFDM sequences S (1) 
In these conditions, the BER can be obtained as
where
represents the optimum asymptotic gain. By considering the analysis of [10] for the specific case of the phase modulation process represented in (1), it can be shown that the optimum asymptotic gain for sequences that differ in μ bits is [5] 
where p(s) is the Gaussian probability density function (PDF) associated to CE-OFDM signals, f (s) represents the first derivative of f (s) and d ad j is the absolute value of the difference between two QPSK constellations points, i.e., d ad j = 2 A 2 . After some mathematical manipulations, we obtain G = μ(2πh) 2 , provided that A = 1. In fact, the asymptotic gain G has a deterministic value that only depends on the modulation index. This means that when μ = 1, the asymptotic optimum performance is approximately given by
Therefore, a receiver based on a phase demodulator seems to be able to achieve the optimum performance. However, it should be noted that (4) only holds for small modulation indexes. This effect is illustrated in Fig. 1 , where the simulated BER associated to the phase detector as well as the optimum asymptotic BER for different modulation indexes are shown. Each OFDM signal has N = 512 and M = 4. From the figure, it can be noted that, for small modulation indexes, the phase detector has approximately the optimum performance (see (4)). However, when 2πh > 0.5, its performance starts to degrade substantially when compared to the optimum performance. Additionally, for small modulation indexes the performance improves with h. However, this is no longer true for higher values of h. In fact, the required E b /N 0 to achieve P b = 10 −3 with the phase demodulator is considered is 10.8 dB when 2πh = 0.75, but increases to 11.6 dB when 2πh = 1.0. Moreover, when 2πh = 1.25, we can even observe an accentuated error floor which is due to the phase excursions beyond the interval [−π, π]. Naturally, due to the Gaussian nature of the samples s n , phase excursions outside this interval can always occur, even for small values of h. However, they become more common for large modulation indexes. In practice, as can be seen in Fig. 1 , the phase detector has an applicability zone restricted to values where 2πh ≤ 0.5, which means that it can only be employed when the power efficiency is low since, for small modulation indexes, there is a strong DC component introduced by the phase modulation process see (3) . This justifies the demand for other receivers such as the ones based on the optimum detection. Fig. 2 shows the evolution of the average asymptotic gain associated to the optimum detection of CE-OFDM signals obtained both theoretically and by simulation. Once again, with N = 512 and oversampling factor M = 4. From the figure it can be noted that accurate estimates of the average asymptotic gain associated to the optimum detection of CE-OFDM signals can be obtained theoretically, regardless of μ. When μ = 1, it can be noted that, although there is a degradation relatively to the linear OFDM when 2πh < 1.0 (i.e., G < 0 dB), there are high potential asymptotic gains for larger modulation indexes. For instance, when 2πh = 1.25, G ≈ 1.9 dB and when 2πh = 1.5, G ≈ 3.5 dB. In fact, it should also be noted that the asymptotic gain increases with μ. This means that even in a coded CE-OFDM scenario, where the distances differ in many bits (i.e., there is a minimum Hamming distance equal to μ) and an appropriate interleaver is considered, there are potential performance gains associated to the optimum detection.
B. Frequency-Selective Channels
Let us now consider a frequency-selective channel with
where L is the number of uncorrelated multipath components, α l and τ l are the power and delay of the lth multipath component, respectively, and δ(·) is the Dirac delta function. The channel frequency response associated to the kth subcarrier is
Our goal is to compute the squared Euclidean
In these conditions, the potential asymptotic gain is
where G d is the gain component associated to the erroneous subcarriers and G c is the gain associated to the difference between the distortion terms. The approximation (a) is valid for large values of N, since the nonlinear distortion terms are uncorrelated, the expected value changes slowly with k and there is a large number of terms in the second sum. In fact, due to the statistical properties of the channel frequency responses H k , the asymptotic gain is a random variable. By employing the results of [10] , it can be shown that this gain distribution can be written as
where M(a, b, z) is the Kummer's function of the first kind [10] . Fig. 3 presents the distribution of the asymptotic gain associated to the optimum detection of CE-OFDM signals obtained both by simulation and theoretically with (11), for different modulation indexes. To promote a fairly comparison between the linear and nonlinear cases, we also include the distribution of |H k | 2 and denote it as "equivalent fading factor". The OFDM signals have N = 512, M = 4 and we have L = 32. From the figure it can be noted that the accuracy of (11) is high. As in the case of ideal AWGN channels, the asymptotic gains tend to increase with the modulation index, i.e., when the magnitude of the nonlinear distortion effects increase. In fact, although for lower modulation indexes the gain can be lower than 1, it is substantially better than the equivalent fading factor that is the "gain" associated to linear OFDM transmissions. Once again, it can be noted that the potential gains increases with μ, meaning that even in scenarios where channel coding is employed, the optimum detection present performance improvements relatively to the conventional detection. The approximate BER can be computed as Fig. 4 shows the average asymptotic BER associated to the optimum detection of CE-OFDM signals obtained with the distributions of the asymptotic gain, considering OFDM signals with N = 512, M = 4 and different modulation indexes. From the figure one can note that the optimum performance can be even better than the performance associated to linear OFDM transmissions, where the BER is largely conditioned on the subcarriers that are in deep fade. In fact, the performance improvements are larger for frequency-selective channels, since the optimum receiver analyzes the entire OFDM block, being able to take advantage of the correlation between the subcarriers, i.e., the diversity effect caused by the intermodulation products at the output of the phase modulator. In these conditions, the BER is less dependent on the subcarriers that are in deep fade and the performance can be substantially improved.
IV. CONCLUSIONS
In this letter, we study the optimum performance of CE-OFDM and compare it to the performance associated to the conventional phase detector. It is shown that the phase detector can achieve optimum performance, but only for small modulation indexes, where the power efficiency is very low. For this reason, the optimum or sub-optimum receivers should be considered as an alternative, since they provide substantial performance improvements relatively to the phase detector, especially for large modulation indexes where the power efficiency is higher.
